Abstract. The Banana manifold XBan is a compact Calabi-Yau threefold constructed as the conifold resolution of the fiber product of a generic rational elliptic surface with itself, first studied in [3] . We compute Katz's genus 0 Gopakumar-Vafa invariants [9] of fiber curve classes on the Banana manifold XBan → P 1 . The weak Jacobi form of weight -2 and index 1 is the associated generating function for these genus 0 Gopakumar-Vafa invariants. The invariants are shown to be an actual count of structure sheaves of certain possibly nonreduced genus 0 curves on the universal cover of the singular fibers of XBan → P 1 .
1. Introduction 1.1. Background. The genus zero Gopakumar-Vafa invariants are integer valued deformation invariants of Calabi-Yau threefolds that appeared in physics as a virtual count of rational curves on X [6] .
Mathematically Katz defined the genus 0 Gopakumar-Vafa invariants as follows [9] . Definition 1. Let X be a projective Calabi-Yau threefold over C, together with a fixed curve class β ∈ H 2 (X). By a Calabi-Yau threefold X, we mean a smooth threefold with trivial canonical bundle K X ∼ = O X . We define M X β to be the moduli space of Simpson semistable [13] pure 1-dimensional sheaves F on X with ch 2 (F) = β ∨ and χ(F) = 1.
Definition 2. The genus 0 Gopakumar-Vafa (GV) invariants n 0 β (X) of X in curve class β are defined as the Behrend function weighted Euler characteristics of this moduli space:
where e top is topological Euler characteristic and ν : M X β → Z is Behrend's constructible function [1] .
Remark 3. The moduli space M X β contains no strictly semi-stable sheaves, and so the moduli space is a projective scheme. (See Lemma 9).
Remark 4. The stability condition is equivalent to a condition on the Euler characteristic, namely, that a coherent sheaf E ∈ M X β is stable if and only if any subsheaf E ⊂ E has nonpositive Euler characteristic χ(E ) ≤ 0. This makes the moduli space manifestly independent of the choice of an ample class. (See Lemma 9).
More recently, an interpretation of all genus GV invariants n g β (X), g ≥ 0, in terms of a sheaf of vanishing cycles on M X β is given in [12] . In the case of genus 0 invariants, this reduces to the previous definition. Toda [14, Thm 6.9] has also shown that the genus 0 GV invariants can be extracted from the usual Donaldson-Thomas (DT) partition function. In particular when X satisfies the MNOP conjecture [11] , then the genus 0 GV invariants and genus 0 Gromov-Witten invariants N 0 β (X) satisfy the relation:
In practice, these GV invariants can be hard to compute, particularly when X is compact, and has been done explicitly in very few cases.
In this paper, we directly compute genus 0 GV invariants of certain fiber cohomology classes of curves on a compact Calabi-Yau threefold X = X Ban , see Theorem 6. The result we obtain agrees with the above predictions using the DT invariants for this threefold recently computed in [3] . The generating function for the invariants is given by a Jacobi form.
1.2.
Definition of the Banana manifold X Ban . Let S be a generic rational elliptic surface. We view S ⊂ P 1 ×P 2 as a generic hypersurface of degree (1, 3) . Then S → P 1 is an elliptic fibration with 12 singular nodal fibers. The fiber product S × P 1 S is a singular threefold which has 12 conifold singularities. We describe the construction of the Banana manifold X Ban , and refer the reader to [3] for more details.
Definition 5. Given S as above, we define the Banana manifold X Ban to be X Ban = Bl ∆ (S × P 1 S), the conifold resolution of the fiber product S × P 1 S given by blowing up along the diagonal ∆ ⊂ S × P 1 S.
The Banana manifold is a smooth compact Calabi-Yau threefold that has the structure of an Abelian surface fibration π : X Ban → P 1 with exactly 12 singular fibers which are each isomorphic to a surface we call F sing . The surface F sing is P 1 × P 1 blown up at two points and glued along opposite edges, F sing ∼ = Bl ∆ (nodal curve × P 1 nodal curve) ⊂ X Ban .
Each singular fiber F sing contains a curve that we call a banana configuration, or Banana curve C Ban , Figure 1 . The Banana curve is a union of 3 rational curves intersecting in two points: fiber product S × P 1 S, while C 3 is the exceptional curve from the conifold resolution.
The singular locus of the map π : X Ban → P 1 is the disjoint union of the twelve copies of C Ban , each of which lies on one of the twelve singular fibers isomorphic to F sing of X Ban . We denote this collection of singular curves as
and the twelve singular fibers as
The geometry of the fibration π : X Ban → P 1 gives a group scheme structure to its smooth locus
This action extends to an action of X 0 Ban → P 1 on all of X Ban → P 1 , see [3, §3.5] Moreover, the classes [C 1 ], [C 2 ], and [C 3 ] generate the homology of the fibers of π : X Ban → P 1 , namely [3, Lemma 29 ]:
1.3. Main Result. Our main result is the following:
Theorem 6. Let X Ban be as above. Fix a curve class β d ,
The genus 0 Gopakumar-Vafa invariants n 0 β d (X Ban ) are determined by the following equation:
Corollary 7. After the change of variables, q = xy, p = y, the genus 0 GV invariants satisfy the identity:
where φ −2,1 (q, p) is the unique weak Jacobi form of weight -2 and index 1:
In particular, this Jacobi form is one of the two generators of the ring of weak Jacobi forms. Furthermore, the index 1 weak Jacobi forms have a Fourier expansion c(4n − r 2 )q n p r whose coefficients c(4n − r 2 ) depend only on a quadratic expression in the degrees [5] . We get the immediate consequence:
Corollary 8. The genus 0 GV invariants depend only on a quadratic function of the curve class. Namely, they satisfy n 0
The appearance of the weak Jacobi form φ −2,1 (q, p) in our expression of the GV invariants is somewhat surprising and not well understood. This Jacobi form has appeared, for instance, in the DT partition function for certain elliptically fibered Calabi-Yau threefolds, as well as in other examples. to an actual count of structure sheaves of genus 0 curves. These curves are possibly nonreduced curves in the universal cover U (F sing ) of F sing . This is a sheaf theoretic analogue of the Gromov-Witten technique of passing to counts of genus 0 curves on the universal cover [4] . An outline of the proof is as follows.
We begin in section 2 by proving that a stable sheaf is scheme-theoretically supported on a single fiber. This gives us a map M → P 1 . It then suffices to compute the Behrend function weighted Euler characteristic e(M, ν) fiberwise. The group scheme action of X 0 Ban → P 1 on X Ban → P 1 induces a fiberwise action on the moduli space, where the group of each fiber of X 0 Ban → P 1 acts on the corresponding fiber of M → P 1 . This fiberwise group action preserves the symmetric obstruction theory of the moduli space and hence preserves ν. Thus, e(M, ν) can be computed on orbits of this action.
The generic smooth fibers of X Ban are non-singular Abelian surfaces where the group action is transitive and support no invariant curves. Consequently, the sheaves supported on the smooth fibers contribute zero to e(M, ν). On the singular fibers F sing , the group action gives a natural C * × C * torus action on the moduli space. The fixed points of this action are the only stable sheaves that contribute to e(M, ν). These sheaves are scheme-theoretically supported on the singular fibers F sing with settheoretic support on the Banana curve configuration C Ban . Thus we reduce the problem of computing n 0 β d (X Ban ) to that of counting torus-invariant stable sheaves on F sing of curve class β d and Euler characteristic 1.
This count corresponds to the naive Euler characteristic of our moduli space, n 0
. This is defined as the Euler characteristic without the Behrend function weighting:
We begin by determining these.
We show in section 4 that, in fact, it suffices to count those invariant stable sheaves on F sing that push forward from the universal cover U (F sing ). This involves considering the action on the moduli space given by tensoring by line bundles on F sing . Any sheaf fixed under this action must pull back to an equivariant sheaf on U (F sing ) which contains a distinguished subsheaf isomorphic under push forward to the original. Now we need to determine how many of these distinguished stable torus-invariant sheaves there are on U (F sing ).
These distinguished sheaves on U (F sing ) can be counted using a combinatorial argument detailed in sections 5 and 6. The assumption of Euler characteristic 1 is very restrictive, and together with some elementary stability arguments, we show that the only torus invariant stable sheaves that push forward to invariant sheaves in our moduli space are structure sheaves of arithmetic genus 0 curves that satisfy certain constraints on adjoining components. Such curves can be classified by combinatorics in terms of the number of integer partitions whose odd parts are distinct, and we obtain a closed form generating function for n 0
Finally, in section 7, we prove that n 0
by a sign change. In order to show this, we calculate the dimension of the groups Ext 1 (O p , O p ) for the fixed points p ∈ M , to find the parity of the dimension of the tangent space T p M . Combining this with the result of [2, Corollary 3.5] , that
we finish the proof of our main result.
Our method is limited to curve classes
] since a simple count of combinations of structure sheaves does not appear to suffice in the general case. For d 1 Throughout the rest of this section, we let X = X Ban π − → P 1 and M = M X β , as given by Definitions 1 and 5 in the introduction. We begin with two observations. First, all semistable sheaves are in fact stable. Second, the stability condition can be restated in terms of Euler characteristic of subsheaves or quotient sheaves. In fact, these two properties hold for Simpson semistable pure 1-dimensional sheaves F with χ(F) = 1 on any Calabi-Yau threefold.
Lemma 9. There are no strictly semistable sheaves in M . Moreover, the stability condition for E ∈ M is equivalent to the following: E is stable if and only if χ(E ) ≤ 0 for any proper subsheaf E → E. Equivalently, E is stable if and only if χ(E ) > 0 for any quotient sheaf E E = 0.
Proof. Fix some ample line bundle H = O(1) on X. For any pure 1 dimensional sheaf F, we can write its Hilbert polynomial as χ(
It is stable only if these inequalities are strict.
For any E ∈ M , α 0 = χ(E) = 1 by assumption. Given a proper subsheaf E ⊂ E,
For strictly semistable, we need equality p(E ) = p(E), but the only way equality can hold is if χ(E | H ) = χ(E| H ) and χ(E ) = χ(E) = 1. However, that would imply 0 → E → E → 0 is exact, and E was assumed to be a proper subsheaf. Thus E must be stable, which proves Lemma 9. From this, we get that any proper subsheaf satisfies χ(E ) < 1 ⇒ χ(E ) ≤ 0. The statement about quotient sheaves is immediate.
As a corollary, we note that the stability condition in our case can be expressed as a condition on χ(E ) for proper subsheaves E ⊂ E, without reference to the ample line bundle H, Corollary 10. M is independent of the choice of polarization H.
We begin by showing that the moduli space M has the structure of a scheme over P 1 .
Proposition 11. Suppose β is a curve class such that π * β = 0. Let E ∈ M . Then E is scheme theoretically supported on a single fiber.
Proof. Let C = (Supp E) red be the reduced support of E. Since β is a fiber class, Supp π * E = {p i } is a finite set of points, so C is a collection of fibers. But direct sums are necessarily unstable so the support of E must be connected. Hence, the set theoretic support of E is contained in a single fiber F = F x , for some x ∈ P 1 . Now i : F → X is a closed subscheme so we have the exact sequence:
Since F is an effective Cartier divisor on the nonsingular X, O X (F ) is locally free and we can tensor by O X (F ) to get the short exact sequence:
The normal bundle of the fiber class F is trivial, so O F (F ) ∼ = O F and we get:
Again, because E is supported on the fiber class F , and O X (F ) is a trivial line bundle when restricted to F , E(F ) ∼ = E:
By stability, E → E is either the zero map or an isomorphism, which implies E F = 0 or E ∼ = E F . By assumption, E and hence E F is nonzero, so E ∼ = E F and E is scheme-theoretically supported on F . This gives us a natural map ρ : M → P 1 which allows us to compute the Behrend function weighted Euler characteristic fiberwise. Recall that for any constructible morphism, the weighted Euler characteristic can be computed as a push forward [10] . So the map ρ : M → P 1 allows us to compute the Behrend function weighted Euler characteristics fiberwise. Thus, we get:
where (ρ * ν)(t) = e(M t , ν t ) for t ∈ P 1 , M t := ρ −1 (t), and ν t := ν| Mt .
We can further break up the Behrend function weighted Euler characteristic calculation on each fiber using the group scheme action on M → P 1 .
Proposition 12.
To compute n 0 β (X), it suffices to count those sheaves of M with scheme theoretic support contained in F sing and set-theoretic support contained in C Ban , which are also invariant under the action of the group scheme X 0 → P 1 .
Proof. Recall that the nonsingular locus of the Banana manifold is a group scheme X 0 → P 1 that acts on π : X → P 1 [3] . On each fiber, X t = π −1 (t) ⊂ X, t ∈ P 1 , the group of the fiber G t also acts on sheaves supported on X t , which in turn, induces an action of G t on M t = ρ −1 (t). The groups G t associated to the nonsingular fibers are abelian surfaces which act on themselves, while on singular fibers π −1 (t) ∼ = F sing , we have G t ∼ = C * × C * .
We will show in Section 7 that the group scheme action is trivial on K X and preserves the Behrend function ν. This algebraic group action, G t M t , gives us a stratification of M t into locally closed equivariant subsets. By [1, 2] , e(M t , ν t ) can be computed on orbits of this action.
In particular, if the topological Euler characteristic of the group vanishes, e(G t ) = 0, as it does here, then e(M t ) = e(M Gt t ), because the Euler characteristic can be computed by strata. The fixed points of the group action on the moduli space corresponds to an isomorphism class of sheaves, [E] 
, where g : X t → X t is the action on the underlying space given by the group element g ∈ G t . In particular, the support of the sheaf has to be preserved by the group action. Over general points t ∈ P 1 , because the group action is transitive on smooth fibers, these fibers contain no fixed curves. Consequently, the sheaves supported on smooth fibers do not contribute to e(M, ν).
On the singular fibers isomorphic to F sing , the Banana curve C Ban is the only curve preserved by the action of C * × C * . Thus we have reduced our problem of computing n 0 β (X) to counting only those sheaves F ∈ M which are C * × C * -invariant and with (Supp F) red ⊂ C Ban . By Proposition 11, these sheaves are scheme-theoretically supported on F sing .
Since each of the twelve singular fibers are isomorphic to, and disjoint from, each other, it suffices to count the torus-invariant sheaves in M supported on only one of these fibers. Multiplying this count by twelve then gives the invariant n 0 β (X). For the remainder of the paper, we will focus on such sheaves supported on one of the singular fibers.
Definition 13. Fix one of the singular fibers of X, which we will also call F sing .
Let T be the 2-torus which acts on the fiber F sing and thus on M sg :
Define M T sg to be sheaves in M sg invariant under the action of T :
With this notation in place, the following corollary to Proposition 12 is immediate.
Corollary 14. The Gopakumar-Vafa invariants of X can be computed from the Behrend function weighted count of M T sg :
Geometry
We want to convert our problem into one of counting sheaves on the universal cover U (F sing ) pr − → F sing . In this section, we explain some of its geometry that we will need in the rest of the paper.
3.1. Geometry of U (F sing ). First we discuss some of the geometry of the universal cover, although we will not need the description of the formal neighborhood until Section 7.
Notation 15. Denote by
• F sing : the formal completion of X along F sing , • U (F sing ): the universal cover of the singular fiber F sing , • U ( F sing ) : the universal cover of F sing , • Nrm(F sing ): the normalization of F sing , • Nrm(F sing ) : the formal completion of the total space of the canonical bundle of the blow up of P 1 × P 1 at the two torus fixed antidiagonal points, along the zero section,
We regard F sing as a formal Calabi-Yau threefold. In [3, Proposition 24] it is shown that Nrm(F sing ) is anétale cover of F sing ,
The momentum polytope of Nrm(F sing ) and its toric fan are pictured in Then Nrm(F sing ) , the formal neighborhood of the normalization of the singular fiber, is formally locally isomorphic to the total space of the canonical bundle of the blow up of P 1 × P 1 at two points, which is the toric three-fold associated to the fan depicted in Figure 4 . This fan comes from constructing cones over the two-dimensional polytope of Figure 3 placed at height 1 in R 3 .
The map Nrm(F sing ) → F sing can be described by identifying opposite edges of the momentum polytope. In the case of Nrm(F sing ) étale − −− → F sing , the gluing is done along a formal open neighborhood of the edges of the polytope.
From this geometry, we see that the U (F sing ) has a piecewise smooth map to R 2 . On each component, this is a moment map for the T ∼ = C * ×C * action with hexagonal momentum polytope. The image of this map has a planar projection given by an infinite tiling with hexagons, as shown in Figure 5 . The cones over the dual tiling in Figure 6 , placed at height 1, is then the fan associated to a non-finite type toric Calabi-Yau three-fold W Figure 7 to which U ( F sing ) is formally locally isomorphic. We will return to this viewpoint in Section 7. From this description in terms of the momentum More concretely, suppose C ⊂ U (F sing ) is a curve that lies over C Ban , (pr(C)) red ⊂ C Ban . Then in an affine neighborhood of a vertex, that is, a point where three components intersect, we can express C in local coordinates so the components meet as the coordinate axes and C has the structure:
for some finite thickenings a, b, m, n, r, s ≥ 1 as shown in Figure 9 . If there are only two components meeting at a vertex, say with a missing z-axis, then locally C is given by:
This is in fact the same as the degree 3 vertex case if we take the convention that the empty edge has thickenings of lengths 0 and 1, where the 0 length is taken in the direction of the axis with the larger thickening in their shared plane. For example, if n ≥ s,
Multiple structure of C near a vertex.
Reduction to counting on U (F sing )
In this section, we explain how to convert our problem into one of counting sheaves on the universal cover U (F sing ) pr − → F sing . We do this by considering a second C * × C * action on M T sg , that of tensoring with degree zero line bundles on F sing .
Recall the categorical equivalence between equivariant sheaves on a covering space with a free group action and sheaves on the quotient. Given a discrete group G and a G-space X, let Coh G (X) be the abelian category of coherent G-sheaves on X. These are pairs (G, θ), where G is a coherent sheaf on X and θ is a lift of the G-action.
Suppose the G action on X is free and let Y be the quotient space, π : X → Y = X/G. We have a categorical equivalence between coherent G-sheaves on X and coherent sheaves on Y ,
On one hand, given any coherent sheaf F on Y , its pullback π * F is naturally a G-sheaf on X and we have a functor Coh(Y ) → Coh G (Z). We also have a functor in the other direction. Let G ∈ Coh G (X). Then π * G has a natural action of G induced from the action of G on Coh G (X) and the sheaf of Ginvariants, (π * G) G is a coherent sheaf on Y . This defines an inverse functor Coh
We now determine Pic 0 (F sing ) which acts on M T sg by tensoring. Proposition 16. Let P := Pic 0 (F sing ). Then
Proof. Let pr : U (F sing ) → F sing be the universal cover of F sing and G the fundamental group of F sing which acts on it by deck transformations,
In our case, G = Z × Z is generated by two elements G = e 1 , e 2 , so a lift of the G-action is determined by two commuting isomorphisms,
Here pr * L is a degree zero line bundle on components of U (F sing ), which are isomorphic to Bl a,b P 1 × P 1 . So pr * L is trivial restricted to each component, and hence trivial on U (F sing ), which is connected and simply connected. If we choose a trivialization
Hence, L is the triple (O U (Fsing) , µ 1 , µ 2 ), where µ i is the map which acts on the fiber by multiplication by a constant, µ i ∈ C * . These (O U (Fsing) , µ 1 , µ 2 ), for (µ 1 , µ 2 ) ∈ C * × C * are bijective with isomorphism classes of degree zero line bundles on F sing , and we get C * × C * ⊂ Pic 0 (F sing ).
Remark 17. The proposition also follows from computing the first group cohomology of π 1 (F sing ) with values in non-vanishing functions on U (F sing )
We will denote the line bundles on F sing constructed in the proof of Proposition 16 as L µ = L µ 1 µ 2 , for µ = (µ 1 , µ 2 ) ∈ P = C * × C * . We will prove in Proposition 21 that the fixed points of the action of tensoring by these degree zero line bundles will correspond in our moduli space to sheaves that push forward from the universal cover.
sg as those sheaves in the moduli space M T sg which are also invariant under this action of the torus P ,
We will also define a moduli space of sheaves on U (F sing ). There is an action on U (F sing ) induced naturally from the action of T on F sing and we use the same notation for both.
Definition 19. Define M T usg to be the moduli space
To establish the correspondence between sheaves in M TP sg supported on F sing and those in M T usg on U (F sing ), we begin with the following observation.
Remark 20. Since pr : U (F sing ) → F sing is a covering map, the purity and dimension of sheaf support is unchanged under push forward and pullback. The torus T action on U (F sing ) is by definition the pullback of the torus action on F sing , so the notion of invariance under the torus action is also preserved. Also, note that the Euler characteristic is preserved under push forward by this covering map, χ( F) = χ(pr * ( F)) for any sheaf F on U (F sing ).
Proposition 21. Let E ∈ M TP sg . Then there is a F ∈ M T usg , unique up to translation by deck transformations, such that pr * F ∼ = E.
Proof. Let G = Z × Z = e 1 , e 2 act on U (F sing ) by the deck transformations.
Now suppose E ∈ M TP sg . Let E = pr * E. Then E is a G-sheaf so it defines a triple, { E, φ 1 , φ 2 }, where φ i : E → e * i E covers the action of e i on U (F sing ),
The line bundles L µ 1 µ 2 pull back to
where each µ i is the multiplication by scalar map.
The lift of E ⊗ L µ 1 µ 2 is then the triple
By assumption, E satisfies E ⊗ L µ 1 µ 2 ∼ = E, for all µ = (µ 1 , µ 2 ) ∈ C * × C * . This means that we have an isomorphism of G-sheaves
which induces an automorphism
Combining these, we get a commutative diagram
We can thus decompose E into eigensheaves of the torus action
where the E k corresponds to the weight k space,
Restricting to an eigensheaf then gives the commuting diagram
From this we see there are isomorphisms
and the eigensheaves are isomorphic to each other under the action of the deck transformations.
Consider one of these eigensheaves, say E k . From the construction, we see that its push forward is isomorphic to the original P -invariant sheaf pr * E k ∼ = E on F sing and pr * pr * E k = E, as required.
We now establish that for our sheaves of interest, stability is preserved when moving between U (F sing ) and F sing .
Proposition 22. Let F ∈ M TP sg and suppose there is an F ∈ Coh(U (F sing )) with pr * F = F. Then F ∈ M T usg . Conversely, suppose F ∈ M T usg and let F := pr * F. Then F ∈ M TP sg .
Proof. By remark 20, all we need to show is that stability is preserved under these conditions. For stability, we can use the Euler characteristic characterization of stability, Lemma 9.
Assume F ∈ M TP sg . For any F ∈ Coh(U (F sing )) such that pr * F = F, let E ⊂ F be a subsheaf. Then its push forward is a subsheaf of F, pr * E ⊂ pr * F = F. By stability of F, we have 0 ≥ χ(pr * ( E)) ⇒ 0 ≥ χ( E). Thus F is also stable.
For the converse, suppose F ∈ M T usg with F = pr * F. From the construction in Proposition 21, F is fixed under the action of P . Let E ⊂ F be a proper subsheaf. Define
This gives a flat family of coherent sheaves over (C * × C * ) × F sing , whose restriction to µ×F sing is E µ . Our F sing is proper, so coherent sheaves satisfy the existence part of the valuative criterion. Thus, we have some limiting sheaf E 0 , which is invariant under the action of P . Then by Proposition 21, there is some E 0 ⊂ F such that pr
In Section 7, we will show that this action of P also preserves the symmetric obstruction theory of M , and calculate the parity of the tangent space dimensions at the fixed points of this action.
Counting Sheaves on U (F sing )
The main result we want to show in this section is the following:
In order to prove Proposition 23, we need the following key lemma and its corollary, whose proofs we postpone until later.
Proof. See Subsection 5.2.
As a Corollary, we have 
, we can eliminate any isomorphisms induced by the deck transformations on U (F sing ) by fixing a curve that lies over C 3 ⊂ C Ban . By Proposition 21, any point in M T usg can be uniquely represented by a sheaf whose support contains this curve.
In the discusion of Section 3.2, we observed that the formal neighborhood of any irreducible component e that covers C i is formally locally isomorphic to the total space of O(−1) ⊕ O(−1) → P 1 . As a consequence, we have a map from e to the reduced curve e red in our geometry.
We record these observations in the terminology that we will use in this section.
Notation 26. Suppose F ∈ M T usg .
• e 0 ∼ = P 1 ⊂ U (F sing ) is a fixed curve such that pr * (e 0 ) = [C 3 ].
• Γ type curves are 1-dimensional T torus fixed subschemes of U (F sing ) whose only component lying over C 3 is either e 0 or empty, see Figure  10 .
• C := Supp F so [(pr * C)] = β. Let F be such that C is of type Γ.
• Edges {e i } are possibly nonreduced, irreducible components of C.
• Vertices {v j } are points where two or more components of C intersect.
• φ : e → e red ∼ = P 1 is the map that exists for edges e in our geometry.
We can write the support of F as
where each e i is a component with a unique torus invariant thickening on C determined by two numbers on each edge, m e , n e (see Section 3.2), and (e i ) red ∼ = P 1 .
The following lemma is a useful formula to compute Euler characteristics of structure sheaves of support curves of F ∈ M T usg . Lemma 27. Let C be a connected pure one dimensional curve of type Γ. Let {e i } be the edges and {v j } the vertices of C.
where E(O C , e i ) and V (O C , v j ) are integer valued functions on the edges and vertices, respectively, and defined as follows:
Given an edge e with thickening lengths m and n, the integer E(O C , e) is given by
At a vertex v with three incident edges and multiple structure as in Figure 9 , then the integer V (O C , v) is given by
If v only has two incident edges, corresponding to, say, the x and y axes with thickenings as in Figure 9 , then
Proof. This is a computation of Euler characteristic using the normalization sequence, and by pushing forward sheaves on irreducible components to their reduced counterparts.
Consider the normalization sequence,
First, we calculate the Euler characteristic of the restriction of our sheaf to a single edge. Let e ⊂ C be an edge with thickening lengths m, n and map to the reduced curve, φ : e → e red ∼ = P 1 .
Then φ has zero dimensional fiber, so
by the projection formula.
The normal bundle N of e in U (F sing ) is formally locally isomorphic to a variety affine over e red ∼ = P 1 :
and its sheaf of algebras over P 1 is given by
So we can think of φ * O e as a quotient of φ * O N .
We may represent these summands graphically by boxes in the first quadrant labeled by monomial generators. The quotient sheaf φ * O e with lengths m and n along the axes then corresponds to the diagram in Figure 11 . In other words,
A straightforward application of Riemann-Roch gives,
Then e i χ(O C | e i ) = e i E(O C , e i ), where the edge contribution E(O C , e) to Equation 5 is of the required form.
In order to calculate the Euler characteristic contribution from the vertex terms, we need to express the lengths of the module at a vertex in terms of the thickenings of the incident edges. If we depict the multiple structure at a vertex in terms of boxes representing monomial ideals, we must count the number of common boxes shared by pairwise edges and subtract the contribution from boxes common to all three incident edges.
For example, suppose the vertex v has three incident edges e x , e y , e z , with multiple structure labeled as in Figure 9 . Then for a given pair of edges, say e x , e y , the number of boxes they share is χ(O ex∩ey ) = mr − min(n, s) − 1.
For a vertex with three incident edges, the pairwise intersections contribute the following total to the Euler characteristic:
On the other hand, the boxes that are in the triple intersection have length:
Subtracting these expressions gives the contribution of a vertex with three edges.
if we define the function V (O C , v) = (rm + ns + ab − 1) when v has three incident edges, or V (O C , v) = (mr − min(n, s) − 1) if it has two, as claimed.
Proof of Lemma 24.
Let C be a connected curve of type Γ containing e 0 . Then C naturally breaks up into a union of four branches characterized by their attachment type to e 0 . Since the Euler characteristic computation on each branch is identical, we will use this decomposition of the curve to simplify the presentation of the proof of Lemma 24. To this end, we establish the following nomenclature conventions.
Terminology. Branches:
The space C \ e 0 consists of edges that lie over C 1 or C 2 ⊂ C Ban . We can write C \ e 0 as a disjoint union of (possibly empty) connected subcurves of four types:
These are distinguished by their attachment to e 0 . The edge of the subcurve that intersects e 0 can cover either C 1 or C 2 , and the intersection vertex can cover p or q. For concreteness, we choose the identifications as indicated in Figure 12 .
Likewise, the notation C Let |C| denote the number of edges of any curve C. We number the consecutive edges of each subcurve in increasing order away from e 0 and group them in consecutive pairs, labeled as (e 1 , e 2 ), (e 3 , e 4 ), ....
Thickening: Given such a consecutive pair, the edges can be thickened in the direction of their common plane, and we will call this the inside direction. The other direction the edge can be thickened will be called the outside.
One branch detail: We choose one branch, say C
• , for detailed computations, Figure 13 . Here, we will denote the lengths of the multiple structure on edges e will have multiple structures of lengths r i on the inside and s i on the outside. The vertices will be numbered so that p i = e 2i−1 ∩ e 2i and q i = e 2i ∩ e 2i+1 .
Empty edge: To make our formulas uniform, we will adopt the convention that an empty edge of C
• will have inside multiplicity of 0, and outside multiplicity of 1. Also, if there are an odd number of edges in any branch so that the last of the consecutive pairs only contains a single element, (e • 2α−1 , −), then we will append an empty edge to complete the pair.
5.2.2.
Euler characteristic of structure sheaf. Now that we have the notation in place, we first derive an expression for the Euler characteristic of the structure sheaf of a curve with only one nonempty branch, χ(O C ) where C = e 0 ∪ C
• , and show that it is bounded below by 1. Furthermore, we will see the restrictions that equality imposes on the multiple structures m i , r i , n i , s i that can appear in such a curve. Then the Euler characteristic χ(O C ) satisfies the following equality:
In particular, χ(O C ) ≥ 1 with equality if and only if n 1 = s α = 1 and all the summation terms are zero.
Proof. The last statement follows since n 1 , s α ≥ 1 and all the other summands are non-negative. Note that the second summation is always nonnegative since the two factors of each summand never have opposite signs.
We will prove Eq. (6) using induction on α, and a rearrangement of the formula in Lemma 27.
First, suppose |C
• | = 2α. The formula in Lemma 27 for χ(O C ) becomes:
The summation terms are contributions from the e 2i−1 and e 2i edges and vertex corrections from the p i and q i , respectively.
In the odd case of |C • | = 2α − 1, the formula in Lemma 27 becomes:
If we append an empty edge to C in this odd case, our convention dictates that we define r α = 0 and s α = 1. Then, we can rewrite Eq. (8) as:
This is now exactly the same as the even case, Eq. (7). So from here, we will assume |C • | is even, with empty edge appended, if needed, and in either case satisfies eq. (7).
To begin the induction, when α = 1, Eq. (7) reduces to
which satisfies Eq. (6).
Now suppose Eq. (6) (7),
Using the inductive step, we get Eq. (6) Hence, the lemma follows.
We can now formulate and prove a refined version of Lemma 24.
Proof. By symmetry, the Lemma 28 calculations done for the case of e 0 ∪ C • , also hold for structure sheaves of subcurves e 0 ∪ C•, e 0 ∪
• C, or e 0 ∪ •C , after an appropriate change of label. Then from Lemma 27, the only difference in the Euler characteristic calculation comes from the difference in the contribution at q 0 . We have:
where n is the outside multiplicity of e • 1 and s is the outside multiplicity of e 1• .
From Lemma 28, we know that
Combining this with
Eq. (10) becomes Remark 30. Lemma 24 now immediately follows from Lemma 29.
Equality holds if and only if χ(O|
χ(O C ) = χ(O| e 0 ∪C • • )+χ(O| e 0 ∪ • • C )−χ(O e 0 ) = χ(O| e 0 ∪C • • )+χ(O| e 0 ∪ • • C )−1 ≥ 1.
Proof of Corollary 25.
Proof. Given D a closed subscheme of a curve C of type Γ, we first claim that we may assume that O D is pure 1-dimension. If not, by primary decomposition, there is a maximal pure 1-dimensional subscheme D 1 ⊂ D. Then we can write 0
because any zero dimensional sheaf has nonnegative Euler characteristic.
We may also assume that D is connected. Indeed, if
The only case left to consider that is not already covered by Lemma 29 is when D is a connected pure 1 dimension curve of type Γ that does not contain 6. Combinatorics 6.1. Discussion. We summarise the results of the previous section and show how this leads to a generating function for the naive count of curves in M T usg . In Proposition 23, we showed that the sheaves in M T usg are torus fixed structure sheaves of curves C with χ(O C ) = 1. In the proof of Lemma 28 and Lemma 29, we computed the constraints this imposes on the multiple structure of C in order for equality to hold. This leads to the following:
Let {e i } e 0 be the edges of any one of the four branches of C. Then the multiple structures of the {e i } satisfy the following properties.
(1) The inside multiplicity of any edge that intersects e 0 is unrestricted. (2) All outside multiplicities must be 1. (3) For each consecutive pair (e 2k−1 , e 2k ), the inside multiplicities of the second edge is equal to or one less than that of the first. (4) The inside multiplicities are non-increasing on each branch.
Proof. By Proposition 23, we must have χ(O C ) = 1. By Lemma 29, this holds if and only if χ(O| C ) = 1 for all of the subcurves C ∈ {e 0 ∪ C
• , e 0 ∪ C•, e 0 ∪
• C, e 0 ∪ •C }. By symmetry, it suffices to study the constraints this imposes on any one of these branches.
We will choose to let C = e 0 ∪ C
• and continue to use the same notation as in Lemma 28. A consecutive pair (e 2k−1 , e 2k ) has inside multiplicity m k , r k , in that order, and outside multiplicity n k , s k . We will interpret the conclusion of the lemmas to see how they imply the conditions above.
In both lemmas, n 1 and s α must be 1 in order that χ(O| C ) = 1.
Consider the four summation terms in Eq. 6. In order for the second and third summation to be 0, we must have all s i = n i for 1 ≤ i ≤ α and all n i+1 = s i for 1 ≤ i ≤ α − 1. Together with n 1 = 1, this implies that all n i = 1 and s i = 1 for 1 ≤ i ≤ α.
This shows condition (2).
In order for the first summation to be 0, we must have either r i = m i or r i + 1 = m i for all i. This is equivalent to condition (3).
The fourth summation term is equal to zero only when r i−1 ≤ m i for all i. This, along with condition (3), gives condition (4).
We would like to count the curves that satisfy these constraints. The constraints on each branch curve are independent of the other branches, so it suffices to count the possible subcurves for any one of the types {e 0 ∪ C
• , e 0 ∪ C•, e 0 ∪ • C, e 0 ∪ •C }, and then change labels as necessary to get the counts on the other types.
First, we count the allowed curves on some fixed branch. Since the outside multiplicities must always be 1, the only choice is in the inside multiplicities. We can represent these lengths as boxes, where the number of boxes in each row corresponds to the multiplicity of the corresponding edge, Figure 14 . Proposition 31 constrains the shape of this partition. Condition (1) says that the bottom row can be any length. Condition (4) means that the rows are non-increasing in length, so we have a Young diagram. Then if we view the Young diagram as a partition via its columns rather than its rows, condition (3) forces this partition to have odd parts distinct. We can visualize this by alternating row colors to highlight consecutive pairs as in Figure 14 . Here, the dark capped columns give odd parts, and they occur singly since consecutive pairs have lengths that differ by at most one.
We need to keep track of the curve class that each partition represents. Edges along a given branch of U (F sing ) alternate between pushing forward to a multiple of [C 1 ] and to [C 2 ]. In terms of our Young diagram, this means boxes of the same color correspond to the same curve class. The specific assignment of box color to curve class depends on the branch. The difference between the number of dark and light boxes is exactly the number of odd parts that appears in the partition.
We encode the previous discussion into a generating function. First, the number of integer partitions with only distinct odd parts (ODOP) can be written using q to track partitions and t to track the number of odd parts [7, §2.5 .21]:
(1 + tq 2n−1 ).
In this equation, |λ| is the size of the ODOP partition λ, and OP (λ) again denotes the number of odd parts in λ.
We are interested in partitions whose odd parts are distinct, but may have arbitrary even parts. The generating function for these odd parts distinct (OPD) partitions is thus the following modification of Eq. (11):
Here, OPD are integer partitions with odd parts distinct, |λ| is the size of the OPD partition λ, and OP (λ) denotes the number of odd parts in λ.
On the other hand, we can express an (OPD) partition using variables x and y that track the number of dark and light boxes, respectively, in our Young diagram:
(|λ|−OP (λ)) .
These expressions are related through the change of variables q = √ xy, t = x y so we can rewrite the right hand side of Eq. (12) as:
∞ n=1 1 + x n y n−1 1 − x n y n .
So far we have restricted the discussion to one branch. For the other branches, the counts have a similar expression, but the roles of x and y may be reversed, depending on whether the first edge covers [
Therefore, the total count of curves satisfying Proposition 31 is (15)
We have now proved the following:
Proposition 32. The number of curves C satisfying the constraints in Proposition 31 can be expressed in terms of the number of partitions with distinct odd parts, namely,
Remark 33. The main result of the next section is to show that incorporating the Behrend function weighting into the Euler characteristic computation amounts to the following sign change:
Together with the result of Proposition 32, this gives Eq. (3). This will then conclude the proof of our main result, Theorem 6.
Computing the Behrend function weighted Euler Characteristic
In this section we prove in Proposition 39 that the naive and Behrend function weighted Euler characteristics are related by a sign change as discussed in Remark 33.
To compute the Behrend function ν M , a priori we need to study deformations of sheaves corresponding to points in M . However, it suffices to consider only sheaves supported near F sing rather than arbitrary families on X Ban itself. More precisely, we have the following definition.
Definition 34. Let M sg be the formal scheme:
Then the Behrend function satisfies [8] ,
Recall that the action of the torus T ∼ = C * × C * on F sing came from the group scheme action on X Ban . This torus action can be extended to an action on F sing [3, Lemma 19] . As a consequence, M sg ⊂ M inherits a T action since M sg only depends on F sing . Furthermore, this action is shown to preserve the symmetric obstruction theory on M sg .
In the following Lemma 35, we show that the symmetric obstruction theory on M sg is also equivariant with respect to the group action induced from P . Then using the result [2, Corollary 3.5], the Behrend function weighted Euler characteristic of the moduli space depends only on the parity of the dimension of the tangent space at the fixed points M TP sg of both actions,
So all that will be left to do is to determine dim Ext
the fixed points p ∈ M TP sg . Lemma 35. The action of P extends to an action on M sg . Furthermore, the symmetric obstruction theory on M sg is equivariant with respect to this action.
Proof. The action of P ∼ = C * × C * on M sg came from tensoring by degree 0 line bundles L µ supported on F sing . By the same arguments as in Section 4, we also have P ∼ = C * × C * ⊂ Pic 0 ( F sing ). This induces an action of P on the moduli space M sg as follows.
Given some µ ∈ P corresponding to the flat line bundle L µ on F sing , let L µ := p * 2 L µ where p i is projection to the i-th factor. Let E be the universal sheaf over M sg × F sing .
If we tensor E by L µ , this induces a map φ µ : M sg → M sg by the universal property of E as in the diagram below. This gives an action of P M sg with E as an P -equivariant sheaf.
we get the canonical isomorphism
and thus R Hom(φ * µ E, φ * µ E) ∼ = R Hom(E, E).
This implies that the shifted cone F of the trace map R Hom(
All the constructions of the obstruction theory [2, Lemma 2.2]
as well as the nondegenerate symmetric bilinear form θ : E → E ∨ [1] which is induced from ω Fsing ∼ = O Fsing → O Fsing , are also equivariant. Hence the P -action is equivariant and symmetric, and preserves the symmetric obstruction theory on M sg .
7.1.
Relating deformations of sheaves on F sing and U ( F sing ). We will show that the dimension of Ext 1 (O p , O p ) for the fixed points p ∈ M TP sg have the same parity whether considered as sheaves on F sing or on U ( F sing ). This implies that their Behrend function contributions to the Euler characteristic are the same, so we may calculate this on U ( F sing ). We regard the fixed points as sheaves on the formal schemes, pushed forward under the respective inclusions F sing → F sing and U (F sing ) → U ( F sing ).
In Proposition 23, we showed that sheaves in M T usg were possibly nonreduced structure sheaves O C of certain types of curves in U ( F sing ). As explained in section 4, this corresponds to a point in M TP sg by M TP sg
where the correspondence is given as (18) pr * F 0 = F and pr
with the G := Z × Z action on Coh(U ( F sing )) covering the deck transformations.
Proposition 36. For any F ∈ M TP sg , let O C ∈ M T usg be the corresponding stable sheaf on U ( F sing ) so that pr * (O C ) = F. Then
In particular, the dimensions of the deformation spaces have the same parity.
Proof. Fix F ∈ M TP sg . Recall the proof of Proposition 21. Under the general categorical equivalence of sheaves on F sing with G := Z × Z equivariant sheaves on U ( F sing ), deformations of F correspond to deformations of the corresponding G-sheaf pr * F = ( F, φ 1 , φ 2 ) , [φ 1 , φ 2 ] = 0. We can separate the deformations of the sheaf from the deformations of the lift of the action by considering the linear map between deformation spaces which forgets the equivariant part of the sheaf:
The kernel consists of deformations of the linear maps φ i ∈ Hom( F, e * i F). These are given by pairs,
which cover the group action, so [φ 1 + η 1 , φ 2 + η 2 ] = 0. In other words
From Proposition 22 the sheaves in M T usg are of the special form satisfying Eq. (18), and so F ∼ = e * i F. Observe that in Coh G U ( F sing ) we can re-index, and then by equivariance and stability, we get
So the commutator relation is trivial and {(η 1 , η 2 )} = C × C.
Computing deformations on
To apply Proposition 36, we need to calculate the parity of the dimension of Ext 1 (O C , O C ). We will do this by reducing our computation to the result in [11, Theorem 2] . We work in an ambient toric Calabi-Yau threefold, which we describe below.
For a fixed degree β = (d 1 , d 2 , 1) , the support C of any stable sheaf in M T usg is contained in a finite type region of U ( F sing ). Following the discussion in Subsection 3.1, such a region is formally locally isomorphic to some ambient smooth finite type toric Calabi-Yau threefold W ⊂ W, whose fan consists of the cones over the finitely many tiles of Figure 6 that contain Supp(C). We may thus compute the infinitesimal deformations of sheaves in M T usg by considering them as sheaves on W .
Definition 37. Let W be a smooth finite type toric Calabi-Yau threefold formally locally isomorphic to a formal neighborhood of Supp(C) for C ∈ M T usg .
Furthermore, [11] consider ideal sheaves, whereas we are interested in structure sheaves. So we will also need the following Lemma 38, but we defer its proof until after Proposition 39. Proof. We apply the formula of [11, Theorem 2] to compute the dimension of the tangent space. This result was proved with T 3 := (C * ) 3 -equivariant cohomology. By equivariant Serre duality and restriction to the Calabi-Yau torus T ∼ = (C * ) 2 ⊂ T 3 we get the equality: To complete the proof of Proposition 39, we need to prove Lemma 38. After some preliminary calculations, we will prove Lemma 38 by showing two separate isomorphisms, Ext 1 (O C , O C ) ∼ = Hom(I C , O C ) and Hom(I C , O C ) ∼ = Ext 1 (I C , I C ), which we deduce from different long exact sequences.
We begin with some preliminary observations that follow from our geometry.
Lemma 40. With the notation as above, we have the following equations. Similarly, we use T 3 -equivariant Serre duality and W being a Calabi-Yau threefold for the other equations:
Hom(O C , O W ) = H 3 (O C ) ∨ = 0 since C has dimension 1.
The first isomorphism we need to prove is the following.
Lemma 41. Let the notation be as above. Then, as required.
The second isomorphism is below.
Lemma 42. Let the notation be as above. Then,
Proof. We start with the same exact sequence on W as above: The isomorphism Hom(I C , O W ) ∼ = R identifies the function f ∈ R with the homomorphism given by multiplication by f ,
Also let W Aff be the affinization of W ,
In terms of the toric fans, the fan of W is a refinement of that of W Aff , and 
